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Stellingen
behorend bij het proefschrift
Isogeny Graphs, Modular Polynomials, and Applications
van
Chloe Martindale
Throughout these propositions K0 represents a totally real number field of degree g over Q and OK0
represents its maximal order. The letter µ represents a totally positive prime element in OK0 and we
write ` for NormK0/Q(µ).
For Propositions 1, 3, and 4, let A be a simple principally polarised ordinary abelian variety over a
finite field Fq and let pi be its Frobenius endomorphism interpreted as a Weil q-number. Suppose that the
field K = Q(pi) is a quadratic extension of K0 containing no roots of unity other than ±1 and suppose
that End(A) contains OK0 . In Propositions 3 and 4, assume further that q = p is a large prime and that
dim(A) = 2.
1. The connected component of the µ-isogeny graph containing A consists of one cycle and regular
trees of equal depth based at every vertex of the cycle.
2. For RM isomorphism invariants (J1, . . . , Jd) ∈ Q(MK0)×d, let
Gµ, Hµ,2, . . . ,Hµ,d
be the d polynomials output by Algorithm 2.4.8. For generic A and A′ ∈ POrdC,K0 , there exists a
µ-isogeny A→ A′ if and only if we have
G(J1(A), . . . , Jd(A), J1(A
′)) = 0
and for every i = 2, . . . , d we have
Hµ,i(J1(A), . . . , Jd(A), J1(A
′), Ji(A′)) = 0.
3. Let (J1, J2, J3) ∈ Q(MK0)×3 be a triple of RM isomorphism invariants, and let Gµ be the first
Hilbert modular polynomial for µ-isogenies for these invariants. Let j1, j2, j3 be the values of
J1, J2, and J3 at A. Let e be the order of the image of pi in Aut(P(A[µ])) ∼= PGL2(F`), let
χpi,µ(T ) = Y
2 − uT + p be the characteristic polynomial of the restriction of pi to A[µ], and let
fµ = Gµ(j1, j2, j3, x) (mod p). Assuming that the heuristics of Remark 2.5.6 hold, if fµ is separable
then it has degree `+ 1 in Fp[x] and its factorization type is as follows:
(a) If u2 − 4p is not a square in F`, then 1 < e | `+ 1 and the factorization type is
(e, . . . , e).
(b) If u2 − 4p is a nonzero square in F`, then e | `− 1 and the factorization type is
(1, 1, e, . . . , e).
(c) If u2 − 4p = 0 in F`, then e = ` and the factorization type is
(1, e).
4. Let e and u be as in Proposition 3. Then
u2 = ηep in F` ,
where ηe =
{
ζ + ζ−1 + 2 with ζ ∈ F×`2 of order e if gcd(`, e) = 1 ,
4 otherwise .
5. Let q be a prime power and let pi be an ordinary Weil q-number. The category Ordpi of ordinary
abelian varieties defined over Fq with Frobenius pi is equivalent to the category Idpi of fractional
Z[pi, pi]-ideals.
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6. The complexity of Algorithm 2.5.5, which computes Hilbert modular polynomials of level µ for
dimension 2, increases exponentially with NormK0/Q(µ). Assuming that the heuristics of Remark
2.5.6 hold, given a bound on the coefficients of the Hilbert modular polynomials for dimension 2 of
level µ, there exists an algorithm to compute these polynomials whose complexity does not increase
exponentially with NormK0/Q(µ). This algorithm uses Vuille’s algorithm for computing µ-isogenies.
7. Let p be a 1792-bit prime of the form 4 · `1 · · · `n − 1, where the `i are distinct small odd primes.
Let pi be the p-power Frobenius endomorphism on the elliptic curve E0/Fp : y2 = x3 + x and let
O = Z[pi]. Let Ellp(O) be the set of elliptic curves over Fp that have Fp-rational endomorphism
ring O, taken modulo Fp-isomorphism. The action of Cl(O) on Ellp(O) defines a Diffie-Hellman
style non-interactive key exchange protocol with conjectured 129-bit quantum security.
8. For a function f : Z≥0 → R, we define its gap distribution D(f) as follows. For N ∈ Z≥0, take the
values f(0), . . . , f(N), reduce them modulo Z to the interval [0, 1) and put them in ascending order
as x0, . . . , xN ∈ [0, 1). Then let J1, . . . , JN be the gaps between adjacent xi, and let D(f) be the
distribution of the lengths |Ji| ·N as N →∞.
The gap distribution D(
√
n+
√
n) is heuristically the same as D(
√
n), which is not exponential,
as appears to be the case for D(nq) for all positive q ∈ Q \ (Z ∪ { 12}).
9. Choose a C on the piano, and label each white note that is n higher than the chosen C by n. The
notes corresponding to the first 10 primes create a well-voiced jazz chord.
Propositions 3 and 4 are based on joint work with Ballentine, Guillevic, Lorenzo-Garc´ıa, Massierer,
Smith, and Top. Proposition 6 is based on joint work with Vuille. Proposition 7 is based on joint work
with Castryck, Lange, Panny, and Renes. Proposition 8 is based on joint work with van Bommel, Kopp,
Lee, and Looper.
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